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1.  IntroductioD. 

The  computational  problem  of  planning  motion  for  a  single  robot  system  had  been  investi- 
gated for  sometime  [N,M],  most  recently  from  an  algorithmic  view-point  [LPW,R,HrW,SSl- 
2,OY,OSY].  The  extension  to  coordinating  motion  for  several  independently  moving  bodies  has 
only  recently  been  raised.  In  spite  of  the  importance  of  coordination  problems  (eg.  to  get  two 
robot  amis  to  cooperate  on  a  task),  very  little  is  understood.  We  call  this  the  Many  {Moving) 
Bodies  Problem.  So  far,  the  only  type  of  bodies  for  which  algorithms  have  been  designed  are  discs 
[SS3,Y].  The  purpose  of  this  note  is  to  show  that  this  Many  Discs  Problem  is  NP-hard  in  the 
strong  sense  (see  [GJ]).  Our  result  should  be  contrasted  with  the  fact  that  moving  many  non- 
convex  bodies  is  PSPACE-hard  [HSS].  (Apparently,  their  result  can  be  strengthened  so  that  the 
bodies  are  rectangles.) 

Let  us  fu3t  define  the  'many  discs  problem*.  We  consider  motions  in  the  plane  in  the  midst 
of  polygonal  obstacles.  Each  pwlygonal  obstacle  is  a  connected  compact  subset  of  the  plane  which 
is  essentially  described  by  its  bounding  polygons.  The  placement  of  a  disc^is  natiu'ally  described  by 
the  coordinates  of  its  center.  Input  instances  are  of  the  form  <F,  S,  Y,  Z>  where  r  is  a  sequence 
of  n  (n  varying  with  the  input)  numbers  jepresenting  the  radii  of  n  discs,  S  is  any  standard 
description  of  the  set  of  obstacles,  Y  (resp.  Z)  is  a  sequence  of  n  initial  (resp.  final)  placements  for 
the  discs.  The  problem  is  to  decide  whether  there  exists  a  coordinated  motion  of  the  discs  from 
the  initial  to  their  final  placements  which  avoids  collision  with  each  other  and  with  the  obstacles. 

2.  Reduction  from  3-partltion. 

It  is  relatively  easy,  using  the  techniques  to  be  developed,  to  give  a  reduction  from  the  NP- 
complete  problem  of  'Set  Partition'  [GJ]  to  the  problem  of  moving  several  discs.  However,  we 
will  show  the  harder  reduction  from  the  strong  NP-complete  problem  of  '3-Partition'  [GJ]. 

Let 

I  ^  <B,a^ a^„> 

be  an  instance  of  the  3-Partition  problem  where  B,  a,  are  positive  integers,  B/A  <  a,  <  fl/3,  and 

3m 

2<3,  -  rnB .    Recall  that  a  solution  to  /  is  a  partition  of  the  indices  {1,2,...,  3m}  into  m  blocks 

each  of  size  three  such  that  if  {/j,  ii,  /J  is  a  block  then  a,    +  a,    -I-  a,    =  fl.    The  problem  is 

strongly  NP-complete  means  that  we  can  restrict  the  a,'s  to  be  no  larger  than  some  polynomial  in 
m. 

Given  /,  we  describe  a  corresponding  instance 

J  =  <r,  S,  Y,  Z> 

of  the  Many  Discs  Problem  where  r  =  <r,5 ''im+i-*  '^'^  ^^^  ^^^*  "f  -^'"  +  2  discs;  S,  Y  and 

Z  are  as  described  above.    The  reduction  is  then  completed  by  showing  that  /  h;is  a  solution  iff  J 


has  one.  To  ensure  that  strong  NP-hiirdness  is  preserved,  we  have  to  ensure  that  the  integers  used 
in  y  are  bounded  by  a  polynomial  in  m. 

We  now  describe  J .  IjcX  n  -  2m.  The  n  +  2  discs  in  J  a^nsists  of  a  'raediura'  (size)  disc  Dq 
of  radius  R/2  where  /?  is  to  be  specified  below,  a  'large'  disc  D,  of  radius  R,  and  n  'smaU'  discs  of 
radii 

r,  =  1  +  €,      0  =  1 n) 

where  t,  =  — '—.    Before  describing  the  obstacle  S  (it  turns  out  that  S  has  only  one  connected 

component),  we  fu^t  describe  an  'ideal'  obstable  S'  for  which  S  is  only  a  finite  precision  approxi- 
mation. 5*  is  seen  in  figiirc  1.  S"  has  a  rectangiilar  'hallway'  of  size  R  by  4R  with  an  adjoining 
'alcove';  the  latter  is  made  up  of  a  2R  by  /?  rectangular  area  terminating  in  a  'dome'  which  is  sim- 
ply one-half  of  a  4A:-sided  regular  polygon,  where 

k  =  32nB^. 

On  m  sides  of  the  dome  we  place  rectangular  'slots'.  The  m  sides  can  be  arbitrality  chosen  pro- 
vided that  no  two  slots  are  on  adjacent  sides  (this  is  possible  since  k  ^  m).   The  length  of  a  slot  is 

L  =^  6  +  —  +  6  and  its  width  W  satisfy: 
nB 


where 


and 


w  ^   W   ^   W  +  b  ,  (1) 

H'  =  2(1  -t-  t)  -f  8 


£  =  max  {e,  :  i  =  1,  .  .  .  ,  n}  , 


SnB^ 


Figure  1  also  shows  the  initial  placements  of  the  discs:  note  that  the  n  small  discs  are  arbi- 
trarily placed  around  the  large  disc,  and  there  is  enough  room  for  this  because  each  small  disc  has 
approximately  unit  radius  while  (it  will  be  seen)  Dj  has  roughly  n^  radius.  The  final  placements  of 
all  the  discs,  except  for  Dq,  are  the  same  as  their  initial  placements.  The  final  placement  for  Dq  is 
the  opposite  end  of  the  hallway.  Qearly  for  Dq  to  move  to  its  final  position,  D^  must  at  some 
moment  move  completely  into  the  alcove.  This  forces  the  n  small  discs  to  be  in  the  m  slots. 

3.   Details. 

To  see  (1)  in  more  detail,  consider  one  of  the  sides  DE  of  the  dome  (Figure  2).  Taking  the 
center  of  the  'dome'  to  be  the  origin  O,  the  side  DE  subtends  an  angle  of  —  at  O.   The  other 

two  sides  OD,  OE  of  the  triangle  have  length  lE-tJ°l     jhe  length  W  of  DE  is  therefore 

cos^ 
k 

2{R  +  25)tan-— .   To  satisfy  (1),  we  choose  some  t  satisfying 


0  <  f  <  tan—  <  f(l  +  5'')  (2) 

k 


and  set 


W 

R  ^  ^  -2b. 

It 

Then  it  is  easily  verified  that  (1)  holds  for  large  enough  n. 

We  have  to  choose  t  in  (2)  such  that  it  can  be  specified  by  numbers  polynomial  in  m.    Recall 
the  usual  series 


-  3 


f        s 

3 

^f- 

k 
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-f  ^ 

=    1  - 
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Let  X  be  any  positive  even  number  and  s  (resp.  c)  be  the  sum  of  the  first  X  (resp.  X  -  1)  terras 
of  the  above  sine  (resp.  cosine)  series.  Let  ds  =  sin— —  s  and  dc  =  c  -  cos—.  It  is  well- 
known  that 

\2X 


0<ds<         ^        '  ^ 


(2X-1)!  [k 


2X-1 


0  <  ac  < 


8^ 


(2X)I 


(3) 


Since  —  <  8,  we  see  that  ds  and  dc  are  each  less  than  —  if  we  choose  X  =  3.    We  next  show 
k  8 

that  choosing  f  to  be  —  satisfies  (2).   Qearly  t  <  tan-^.  With  some  manipulation,  we  get 
c  k 


■ds     ,     dc 
-n    ..   ds    ^   8^      o_-,  _K.    dc  ^   8^ 


tan-f  <  f(l  +  2(^  +  ^)). 
*  s  c 


But  J  >  —  so  —  <  — .   Similarly,  —  <  ■^.  Thus  tan—  <  r(l  +  8').  In  summary,  we  have 
2k         s         4  c         4  k 

just  shown  how  to  choose  ^  as  a  ratio  of  two  integers  whose  size  is  polynomial  in  m. 

We  can  now  specify  5,  using  S*.   The  comers  of  the  dome  and  slots  of  S"  are  the  only  ones 
presenting  difficulties,  having  irrational  coordinates.   However  they  can  be  erpressed  as  sums  and 

differences  of  a  small  number  of  terms  of  the  form  Hoos-^  or  i/sin-^  (for  some  j),  where  H 

are  sums  involving  ^,  W,  8,  etc.  For  example,  refering  to  figiire  2,  suppose  the  side  OE  makes  an 

angle -i^^  (f 

respectively 


angle  -^  (for  some  y  =  0,  1.  .  .  .  ,  t-l)  with  the  x-axis.   Then  the  coordinates  of  E  and  F  are 


{R  +  25)exp(/'^), 

(R  +  Ibyexpii-^)  +  Ltxpii^'^p'' ), 

where  /  =  v  —  i.  Again  we  approximate  the  above  expressions  by  taking  the  first  X  terms  of  the 
corresponding  sine  and  cosine  series.  One  verifies  that  R  is  the  largest  number  in  the  above 
expressions  and  it  is  seen  from  the  choice  of  R  that  R  <  k;  from  (3),  we  then  conclude  that  the 
comers  of  S  are  specified  to  within  a  distance  of  8/2  from  their  ideal  location  in  5*.  The  constric- 
tion ensures  the  following  three  facts: 

(i)      The  dome  of  S  (even  allowing  for  approximation  errors)  contains  a  scrai-drcle  of  radius  R 
centered  at  the  origin  O. 

(ii)     Each  slot  of  5  contains  a  rectangle  of  dimension  2(1  +  t)  by  2(3  +  — ) 

nB 

(iii)    Each    slot    7"    of    5    is    contained    in    a    rectangle    U    of    dimension    2(1  +  c  +  6)    by 

2(3  +  —  +  25).    In  addition  U  has  the  property  that  when  D,  occupies  the  serai-drcle  in 
nB 

(i)  then  any  small  disc  whose  center  is  in  slot  T  lies  completely  within  U.   See  Figure  3. 

4.    Correctness. 

We  show  that  /  has  a  3-partition  iff  J  has  a  motion  of  the  discs  from  initial  to  fmal  place- 
ments.   Suppose  n  is  a  partition  of  {1,  2 3m}  which  is  a  solution  of  the  /.    We  will  show 

that  this  implies  that  the  discs  can  be  packed  into  the  boxes.    It  is  enough  to  show  that  any  three 


-  4  - 

small  discs  of  radii  r,   (/'  =  1,  2,  3  and  i,  d  {I n})  which  correspond  to  a  block  of  the  parti- 

tion  of  n  can  be  packed  into  a  slot.   This  is  true  by  (ii)  above  and  the  fact  that  2  ''/  ~  3  +  — — . 

y-i    '  ^ 

Conversely,  suppose  there  is  a  solution  to  J.  As  noted  before,  this  implies  that  all  the  small 
discs  were  packed  into  the  slots.  Oearly  exactly  three  discs  go  into  each  slot.  This  suggests  a  par- 
tition of  {1,  2 3m}  which  we  claim  is  a  solution  to  the  3-partition  instance  /.    Note  that  if 

three  discs  of  radii  r^   (J=l,  2,  3)  are  packed  into  a  slot,  then  by  (iii)  above,  they  can  be  packed 

^  1  3 

into  a  rectangular  box  of  dimensions  2(1  +  e  +  6)  by  2(3  +  ^  +  28).    Let  fl'  =  ^a,.    We 

nB  j_i    J 

will  show  that  B'  =  B. 

Consider  a  rectangiilar  box  (which  we  may  assume  is  horizontal)  of  width  2(1  -(-  t  +  6). 
See  Figure  4.  The  shortest  horizontal  distance  x  between  the  centers  of  two  discs  of  radii 
r,  =  1  +  £,  and  ry  =  1  +  €y  is  less  than  y  =  r,  +  ry  by  at  most 

^      ^  (2*  +  25  -  €,  -  ey)2 


X  = 


^^2.2. 


X  +  >  2 

It  easily  follows  that  the  length  of  a  rectangular  box  of  width  2(1  +  €  +  6)  containing  discs  of 
radii  r,  (J  -  1,  2,  3)  is  at  least  twice  the  sum  of  their  radii,  minus  At?.  Thus 


V 


2(3+  -I.  +  26)      ^      22'-,  -4^^ 
nB  y_i  / 

-1.  +  25      a      -^  -  4*2, 

nB\U  +  4*2)      &      B'  -  B. 

But  for  n  ^  8,  the  left  hand  side  is  less  than  1,  so  the  right  hand  side  must  be  :s  0,  i.e.  B'  ^  B. 
But  this  holds  each  of  the  sets  of  three  discs,  so  in  fact  B'  =  B.  This  concludes  the  proof. 
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